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ABSTRACT: Off-lattice molecular dynamics simulations are carried out to study fully charged poly-
electrolyte brushes with salt, and a comparison with an off-lattice self-consistent field (SCF) theory including
finite stretching and volume effects [Biesheuvel et al. Macromolecules 2008, 41, 6254] is presented. The SCF
approach is able to reproduce the brush heights at different grafting densities, salt concentrations, and chain
lengths on a semiquantitative level. At high grafting densities, the density profiles obtained with both
techniques exhibit a particularly close agreement, while at low densities systematic deviations between their
shapes are observed. The approximation of local electroneutrality, which the SCF approach is based on, is
studied, and its implications are discussed. In this context, the strengths and limitations of the SCF model are

analyzed in detail.

I. Introduction

When chains are densely grafted at one end to a surface,
excluded volume interactions are forcing the polymers to stretch
away from the grafting surface and form a polymer brush.
Polymer brushes have important technological applications which
include surface modification, colloidal stabilization, and lubri-
cation.! Polyelectrolyte brushes are of particular interest in biolo-
gical and medical applications because of their hydrophilic nature
and interactions with proteins and other biological molecules.

The theoretical understanding of neutral polymer brushes has
made 51gn1ﬁcant progress since the seminal works by Alexander and
de Gennes.” Self-consistent-field (SCF) theory*~” has been
established as a powerful tool for the quantitative understanding
of polymer brushes beyond scaling theory. Initial approaches were
based on the Gaussian chain approximation. For high grafting
densities however, when the chains become strongly stretched the
finite extensibility of chains has to be taken into account.®

If the grafted polymer is a polyelectrolyte, it contains mono-
mers that dissociate charges in suitable solvents, usually water,
and the released counterions generate an osmotic pressure
that significantly alters the properties of the brush layer.'' '
Recently, Biesheuvel et al. have presented an off-lattice SCF
model based on the finite stretching solution by Amoskov and
Pryamitsyn’ which displayed rather good agreement with MD
simulations of neutral brushes.'®!” Their equations have been
extended to cover charged brushes, but so far the validity of this
model has not been verified through computer simulations. The
comparison of their SCF approach with MD simulations of
charged brushes will be the task of the present paper. In section I1,
we describe our simulation model, followed by a description of
the off-lattice SCF equations and their implementation in section
IITA. We add a detailed discussion of the local electroneutrality
approximation in section ITIB because it is of particular relevance
for the understanding of the limitations of the SCF approach.
Comparisons of the MD and SCF results for systems of different
electrostatic interaction strengths are carried out in section IVA,
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followed by a set of simulations at different grafting densities in
section IVB and for different chain lengths and salt concentra-
tions in section IVC. Section V summarizes our findings and
evaluates the strengths and limitations of the new SCF approach.

I1. Simulation Model

The polyelectrolyte brush was modeled as M = 64 freely
jointed bead spring chains, anchored at one end to an uncharged
planar surface to form a regular 8 x 8 square grid. The chains
were monodisperse and modeled as N spherical beads. The
rectangular simulation box with the dimension of L x L x L.
had periodic boundaries in both (horizontal) x—y directions,
while the (vertical) height was restricted by a wall to confine the
salt ions inside the system. The grafting density of the brush is
defined as o = M/L?. To achieve electroneutrality of the system,
M x N x fcounterions were added to the simulation box, where
f'stands for the charge fraction of the brush (i.e., the fraction of
charged monomers; we consider only monovalent charges for
both monomers and ions throughout this paper). The counter-
ions were modeled as spherical particles of half of the monomer
diameter. Additional (monovalent) salt ions were modeled in the
same way as the counterions. The LAMMPS molecular dynamics
package'® was used to carry out the simulations.

The total interaction potential was composed of four contribu-
tions:

Uit = Ureng + ULy + UwarL + Ucoul (1)

The chains were assumed to be in athermal solvent, modeled by a
purely repulsive short-range Lennard-Jones potential

N2 \S A2 74\
ot = e [() () -() ()] e
where d stands for the bead diameter and € defines the strength of
the interaction. The parameter r. is the cutoff distance: It is easily

verified that without any cutoff (. — o) this potential has got a
minimum at r;, = 2"/°d with the depth Upy(rpmin) = —e¢. In turn,
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once a cutoff r. = ry;, is implemented, and the potential shifted
up by &, all attractive contributions to this potential are elimi-
nated and particles inside an athermal solvent are simulated.

Beads along the polymer chains were coupled by a FENE
(finitely extensible nonlinear elastic) bond potential'®

OO

with spring constant k = 30¢/d” and maximum bond length R =
1.5d. For the chains simulated in this paper, this parameter set
delivered an average bond length of /,, = 0.984. Naturally, this
potential was acting only on chain beads and absent with the
counterions or salt ions. The wall was modeled as a 9—3 LJ

potential
2 (d\"  (d\’
L =e|—=(=) = (= 4
UwaLL 8[15<r> <r) } (4)

with d being the particle size and ¢ = 1. One wall was located at
z = 0, the same height as the substrate to which the chains were
grafted. An identical wall was placed at z = L., the upper
boundary of the simulation box, to prevent salt ions from
escaping the system and diminishing its salt concentration.

The Coulomb interaction was of long-range and had to be
addressed with particular care. The simulation package
LAMMPS includes the implementation of the particle—particle/
particle—mesh (PPPM) algorithm?®°~>* that solves the field equa-
tion on a lattice through fast Fourier transformation. In this
way, the influence of periodic images of charged particles (that
show up in both horizontal x- and y-directions) were properly
accounted for. Formally, the Coulomb potential is written as

Uppne = — 0.5KR? In +4¢ +e

© Niot =1 Niot

N - 4idj
U(.‘oul(’) = IgksT Z Z Z Z |l-!./~+nxLelx/+ nyLey|

ny=—eo my=—ce =1 j=i-1
()

where ¢; and ¢; are the corresponding charges and /p = &
(4megekpT) the Bjerrum length, which defines the distance at
which both Coulomb energy and thermal energy (kgT) are of the
same magnitude. e, and e, are unit vectors in the x—y direction,
and the indices n, and n, run over the periodic images of the
simulation box. N is the total number of charges and L the box
size in xy-directions.

The equation of motion was defined as a Langevin equation:

d21',' dl',' o d Utot

mdtz—l_ga - ar;

+F; (6)

where m is the particle mass and ¢ the friction constant. F; is a
Gaussian random force that was used to couple the system to the
heat bath, with the correlation function

<Fi(l) 'F,‘(ZJ)) = 6kaTg(§,','6(l - l/) (7)

The masses of the particles were n1,0n0 = 1 and m;,, = 0.2, their
diameters were dn,ono = 1.0 and di,,, = 0.5, the temperature was
kgT = 0.5¢, and the damping constant ¢ = 0.5t ' withtyy =
(md*/¢)"? being the Lennard-Jones time.

II1. Self-Consistent-Field Model

A. Implementation of the SCF Equations. In this section,
the off-lattice SCF model'” as proposed by Biesheuvel et al.
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and its numerical implementation are discussed. The SCF
equation in the strong-stretching limit is defined as****

V()= V(z) = u{d(2)} —ui{d(h)} (8)

where 7 denotes the SCF potential as a function of the
vertical z coordinate. The mean-field potential 4 accounts for
the averaged local pair interactions of the monomers and is a
function of the (vertical) brush density distribution ¢(z). In
what follows, both the z coordinate and brush height / are
normalized with the chain contour length (N — 1) /,,, so that

0<z<h = H[(N—1),] '<1 (9)

where H denotes the brush height in original units. The
potentials are scaled with the thermal energy, kg7. While in
most SCF approaches the potential 7(z) has to be obtained
numerically, Biesheuvel et al. employ an analytical approxi-
mation

4 2
72 2—52

Here, b stands for the (nonelectrostatic) Kuhn length, which,
contrary to traditional lattice SCF approaches, does not
need to equal the monomer size d. Note that this potential
contains non-Gaussian contributions to account for the
finite extensibility of the chains. For our coarse-grained
model, we have determined a Kuhn length of b ~ 1.3d
through simulation of a single free chain and application of
(R?) = N®°p?, the mean-square end-to-end distance of an
athermal chain.?

On the basis of a modified Carnahan—Starling equation of
state, which accounts for chain connectivity, and on the
assumption of local electroneutrality, the mean-field poten-
tial was derived as

1) T—T¢+2¢7
u(g) = d 1{‘75#“10(1—@}
¢\ o d
+a (m> +)/2—y+as1nh{y m} (11)

where a denotes the charge fraction number, i.e., the number
of charges per unit length along the chain contour, and the
parameter v is defined as

Qnmvbead
= — 12
Y ad (12)

Here, n.. stands for the salt-ion background concentration
with a dimension of the inverse volume. Self-consistency of

the SCF eq 8 is verified with the help of the mass balance
equation

h
Ow:/o ¢(z) dz (13)

where o'is the grafting density (in numbers per unit area) and
w the brush volume per unit chain length. For our bead—
spring model with bead diameter d we obtain w = 7/(64°).

To compute the monomer density, the equations pre-
sented here are sufficient. A brush height 4 is proposed,
then the equations are numerically integrated, and the mass
balance (13) is checked. This procedure is repeated for
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different heights until eq 13 is satisfied and hence self-
consistency is achieved. As a result, the vertical brush density
distribution ¢(z) is obtained. A similar procedure is applied
to obtain the vertical end-monomer distribution g(x) of the
brush, and we refer to ref 17 for the detailed procedure.

B. Local Electroneutrality Approximation. At the core of
the off-lattice SCF theory lies the approximation of local
electroneutrality. It is based on the assumption that every
horizontal slice of the brush can be regarded neutral; i.e.,
there exists a charge balance throughout the vertical brush
profile. This approximation allows to eliminate the dimen-
sionless electrostatic potential y (which is defined in the
Appendix) through

¢

Vbead

21..(1—¢) sinh y = zad (14)

and thereby avoids the necessity to solve the Poisson—
Boltzmann equation.'” Naturally, this assumption is limiting
the validity of the SCF theory to brushes that are either well
inside the osmotic regime, in which practically all counter-
ions are absorbed into the brush, or in the salted regime,
when the Debye length is short compared to the brush height
such that its screening eliminates every long-range electro-
static interactions.

The same approximation also implies that the SCF equa-
tions do not explicitly depend on the Bjerrum length

e2

b = dmeeoky T (15)
of the system. The Bjerrum length defines the distance at
which both electrostatic and thermal energy are of similar
magnitude. If this quantity is expressed in units of the
bead size, it serves as a universal measure for the strength
of electrostatic interaction in coarse-grained simulation
models, in which no physical length scales are available.
Previous simulation studies have shown a strong dependence
of the brush height on the Bjerrum length.'**® As a result of
the local electroneutrality approximation, the present SCF
approach is unable to reproduce any of these dependencies
on the Bjerrum length or, equivalently, on the dielectric
constant or temperature of the system. Hence, its validity is
restricted to those regimes of the brush which show little
dependence on these variables. In the Appendix, additional
details concerning the physical basis of the electroneutrality
condition are summarized because they are of relevance for
the proper interpretation of some of the quantities involved
in our simulations.

IV. MD Simulations and Discussion

A. Electrostatic Interaction Strength and Brush Regimes.
The systems were initiated as an array of stretched chains
grafted in a square lattice pattern onto the substrate (M =
8 x 8). Each chain contained N = 32 beads. The ions were
modeled as spheres of half of the monomer diameter and
distributed all over the simulation box. For relaxation, 4 x
10° simulation steps (corresponding to 6000 LJ times 7y ;)
were carried out, followed by several 10° simulation steps for
data production, during which the conformations were
stored after each 37y .

In a first set of simulations we consider a brush of low
grafting density (¢ = 0.054 ) at different strengths of the
electrostatic interaction. In the MD simulation, this was
achieved by varying the dielectric constant of the system,
leading to a wide range of values for the Bjerrum length (15).
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Figure 1. Brush height #and Gouy—Chapman length /¢ as a function
of the Bjerrum length /. We distinguish the weak charge regime
(H < lgc), the osmotic regime (H > Igc), and the condensation regime
(Ig > 1d). The inset shows how the brush height was defined (see text
for explanations).

The salt concentration was low, n.. = 0.03d >, below the
salted brush regime that would begin at n.. ~ 0.0454 >, when
the salt concentration reaches the concentration of counter-
ions inside the brush.'? In this set of simulations, the Debye
screening length amounted to roughly 154, i.e., it was of the
same order as the brush height.

In Figure 1 we display brush height and Gouy—Chapman
length as function of the Bjerrum length. The brush height
was defined as the vertical coordinate at which the monomer
density dropped down to 10% of its average value inside the
brush (see inset of Figure 1; in this example, & ~ 0.625 was
obtained). The average monomer density inside the brush
(dashed line in the inset, at density ~0.05) was determined
within the slice between the substrate and the brush center of
mass height. The brush was already swollen above its neutral
height even at a small Bjerrum length of /g = 0.006d, in
agreement with previous simulation results.'? Although we
observed a rather weak swelling ratio less than 50% of the
neutral brush height, we note that the stretching factor of
chains, as given directly by % (see eq 9), reaches a value close
to 0.6.

The Gouy—Chapman length /g defines the thickness of
the counterion layer above the brush surface (i.e., measured
above the brush height /). It is common practice to separate
the weak charge regime (in which Igc > /) from the osmotic
regime (Igc < h), in which most of the counterions are
trapped inside the brush. The approximate vertical counter-
ion distribution can be obtained by solving the Poisson—
Boltzmann equation,'! yielding

1
- 2al(z — lec)

p- (&) (16)

where z/ = z — H is the vertical distance to the brush surface.
Equation 16 can be fitted to the simulated counterion dis-
tribution to obtain /¢ (squares in Figure 1). The simulation
results indicate that for /5 = 0.1d the brush had well entered
its osmotic regime. Once the product of Bjerrum length
and linear charge density (which was fixed to oo = 1 in our
simulations) exceeds unity (a/g > 1), the electrostatic po-
tential close to the monomers becomes comparable in mag-
nitude to the thermal energy of the counterions, and as a
result the condensation of counterions sets in.>” Both the
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Figure 2. Profiles of monomer density, ¢(z) (left), and end-monomer density, g(z) (right), as a function of the Bjerrum length, /g, for the same systems as
shown in Figure 1. The SCF prediction (solid line) shows a semiquantitative agreement with the brush profiles in the osmotic regime but a poor

agreement with the end-monomer densities.

effective charge of the chain and the osmotic pressure of the
counterions are diminished in this regime, causing a collapse
of the brush. We shall denote this regime as condensation
regime. In the extreme case of /g > 4d, the brush had
collapsed even below the height of its neutral counterpart.
Here, the counterions are firmly adsorbed at the monomers,
and residual dipole interactions generate a short-range at-
traction between monomers which compactifies the brush.

In Figure 2 we display the monomer density profiles (left)
and the end-monomer distributions (right) of the various
brushes. The SCF results for the charged brush are plotted as
continuous curves. As was discussed in section IIIB, due to
the local electroneutrality condition, the SCF result does not
depend on the Bjerrum length and delivers the same predic-
tion for each of the systems. We would expect the SCF
approach to be valid in the osmotic regime and in fact
observe a semiquantitative agreement of the brush profiles
with the SCF prediction in the range 0.025d < /g < 1d, in
which the density profiles display a weak dependence on the
electrostatic strength. The simulations consistently deliver
profiles that are somewhat more boxlike than the SCF, an
observation already made during earlier comparisons with
neutral brushes.'” It should be noted that the location of the
crossover between weak and osmotic regime is a function of
the grafting density: At higher grafting densities, the osmotic
regime is extended toward smaller Bjerrum lengths, so that
the validity of the SCF approach is extended as well. The
brush collapse in the condensation regime (/g > 1d) is, of
course, not reproduced by the SCF theory. There are two
reasons for that: First, the mean field is breaking down as
soon as the counterions aggregate around the chain contour.
Second, the effective charge density, o, is dropping due to
counterion adsorption.

The distributions of the end-monomers show a lower
degree of agreement with the SCF prediction (right panel
of Figure 2). Again, this is consistent with previous simula-
tions of neutral brushes.'” In fact, SCF theory has never been
able to reproduce the simulated end-monomer distributions
to a reasonable accuracy, except for the case of high grafting
densities. Note that end-monomers are exposed to particu-
larly strong density fluctuations near the brush surface, and
itis exactly these fluctuations that are neglected in mean-field
theory.

It is instructive to compare the local net charges of the
vertical layers of the brush (Figure 3). This quantity serves as
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Figure 3. Local net charge (o, — p_)d as a function of the vertical
coordinate for different Bjerrum lengths.

a direct evaluation of the validity of the local electroneu-
trality assumption made in the SCF approach. Not surpris-
ingly, this assumption is satisfied rather well when the
Bjerrum length is large (i.e., for strong electrostatics) and
less inside the weak charge regime. Throughout the osmotic
regime (0.025d < Iz < 1d) there exists a charge separation
near the brush surface: The counterions form a charged layer
just above the brush, as a result of their osmotic pressure. It is
this layer that generates the osmotic pull which contributes
to the chain stretch.'> On the contrary, the local charge
neutrality of the osmotic regime is rather well satisfied deep
inside the brush. In the case of thick brush layers, when the
surface contributes just a small fraction to the brush height,
the approximation of local neutrality would turn even more
accurate.

B. Brushes at Higher Grafting Densities. In order to study
the influence of grafting density, we have simulated chains of
length N = 32 at a fixed Bjerrum length /g = 0.1d and with a
moderate background salt concentration of n., = 0.264 % in
the density range between o = 0.1d > and o = 0.4d 2, the
latter corresponding to an experimental grafting density
above 1 chain per squared nanometer. High grafting densi-
ties lead to boxlike brush profiles with a high chemical
potential gradient at the brush surface.”®* The strong
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Figure 4. Monomer and end-monomer density profiles at different grafting densities 0. Here, the Bjerrum length was fixed to /g = 0.1d and the

background salt concentration to n., = 0.264 "

stretching approach is more accurate here, provided that
finite extensibility and excluded volume effects (higher virial
coefficients) are properly taken into account.

In Figure 4 we display brush profiles and end-monomer
profiles at different grafting densities. For these simulations,
the brush profiles are generally well reproduced by the SCF
theory. In particular, at higher densities, the SCF approach is
well able to deliver the boxlike profile which is characteristic
for chains with finite extensibility.® Even the end-monomer
distributions are turning more accurate as the grafting
densities increase. This is a result of the reduced fluctuations
of the chain ends (which are not accounted for in this SCF
approach) under such conditions. The general behavior of
the SCF approximation is quite the same as was previously
observed with neutral brushes:'” With increasing grafting
density, the results of MD simulations and SCF predictions
display an improved degree of agreement.

C. Varying Salt Concentrations and Chain Lengths. The
following set of simulations was carried out at moderately
low grafting density ¢ = 0.1d % and moderate Bjerrum
length /g = 0.1d. The salt concentrations n.. were chosen
as 0.05d 7, 0.094 2, 0.13d %, and 0.264 . Each of them
exceeded the counterion concentration inside the brush,
delivering the conditions for the salted brush regime. Differ-
ent salt concentrations affect the parameter y as defined in
eq 12, and consequently the SCF theory delivers different
predictions for the brush profiles. In Figure 5 we compare the
results of MD simulations and SCF predictions.

The SCF calculations are well able to reproduce the brush
collapse with increasing salt concentration. However, with
reduced brush height the shapes of the profiles begin to

deviate from the simulation results, quite consistent with our
previous observation: While the simulated profiles retain a
somewhat boxlike shape, the SCF profiles increasingly turn
parabolic once the brush is collapsing. This appears to be a
universal feature that is unrelated to the salt concentration,
but rather related to the amount of chain stretch: Quite
generally, at low brush heights, the SCF profiles are con-
sistently more parabolic than the MD profiles, while in the
stronger stretching limit a close agreement is achieved.

For the low salt concentration, brushes of different chain
lengths (N = 32, N = 64, and N = 96) have been simulated
in order to verify the effects of the brush thickness. As can be
seen in Figure 5 (lower right panel), the chain lengths had
minor effects on the profiles (which are scaled with the chain
contour length, while the SCF theory does not include N as a
free parameter, implicitly assuming a long-chain limit). Only
the free end distribution of the shortest chains (triangles)
displayed an increased level of fluctuations, leading to a
somewhat wider peak and an extension that reached slightly
further above the brush surface.

Figure 6 verifies that the thickness of the surface ion layer
relative to the brush height was diminishing with increasing
chain length, so that the electroneutrality condition was
satisfied over a wider region of the vertical brush profile.
But this fact had little influence on the brush profiles as
shown in Figure 5. Consequently, the observed differences
between the MD and SCF profiles did not originate in the
chain length of N = 32, which was selected for compu-
tational performance reasons. Considering the fact that
the simulations of longer chains would require a substan-
tial investment of computer resources, without significantly
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Figure 5. Monomer and end-monomer densities for various salt concentrations 7., and y parameter as defined in eq 12. Simulations with low salt
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Figure 6. Local net charge (o, — p_)d as a function of the vertical
system coordinate for different background salt concentrations and
chain lengths.

improving the results over the N = 32 case, the choice of
shorter chains for the majority of our simulations was
justified.

V. Conclusions

In this work we have carried out MD simulations of polyelec-
trolyte brushes and conducted a comparison with an off-lattice
SCF theory that was recently introduced in ref 17. The SCF
approach was capable of reproducing the increase of the brush

height with the grafting density and its collapse with increasing
salt concentration, at semiquantitative accuracy. The validity of
the SCF approach is naturally limited to the osmotic brush
regime, or the salted brush regime, a consequence of the local
electroneutrality approximation (section IIIB). It is therefore
unable to reproduce any dependences on the Bjerrum length
(i.e., on the dielectric constant or the temperature of the system,
Figure 2). This limitation may be tolerable, however, since the
validity of the osmotic or salted regime is spanning a broad
parameter range over which the brush profiles display just a
minor dependence on the Bjerrum length.

A rather good agreement of the density profiles was found at
higher grafting densities (Figure 4), while at lower densities, the
MD profiles were consistently deviating from the SCF predic-
tions, the former being rather boxlike and the latter rather
parabolic. This appears to be an inherent feature of this SCF
approach and had previously been observed during a comparison
with neutral brushes.'” Additional studies are required to pin-
point the origin of this deficiency. The strong-stretching limit,
eq 8, is reducing the chain conformations to their classical paths,
neglecting random fluctuations of their contours. This would
explain its relatively high accuracy at high chain stretch when
exactly these fluctuations are diminished. It remains to be verified
whether or not a relaxation of the strong-stretching limit would
extend the good performance of this approach toward the lower
chain stretch regime.

The distributions of end-monomers were generally displaying
poor agreement between the MD and SCF approach, except for
the case of very high grafting densities. It should be pointed out
that SCF theory has never been very successful in reproduc-
ing end-monomer distributions. This is, at least in parts, the
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consequence of density fluctuations, which are particularly high
near the brush surface where the chain ends spend most of their
time. Quite naturally, no mean-field approximation should
be expected to perform well in this region of the brush.
However, a relaxation of the strong-stretching limit may again
have the potential to improve the agreement with the simula-
tions, but this would naturally affect the simplicity of the SCF
procedure.

In summary, the SCF approach is able to deliver quantitative
predictions for the brush profiles in the osmotic or salted regime
in the case of strong chain stretch, and semiquantitative pre-
dictions in the case of low chain stretch. On the basis of a
semianalytic off-lattice formalism, it incorporates features like
finite chain extensibility, packing constraints, variable Kuhn
lengths, and monomers of arbitrary size without the need of
any parameter fitting. As was shown elsewhere,'® the approach is
flexible enough to incorporate particles of different charges or
sizes. These are certainly strong points in support of this form-
alism, while previous approaches were either restricted to low-
density brushes (due to the Gaussian approximation of the chain
stretch) or required a parameter fit in order to achieve quantita-
tive agreement with simulations.
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Appendix. Local Electroneutrality Condition

The following discussion is based on the work of Zhulina
et al.’* It serves as a clarification of the meaning of the back-
ground salt concentration 7., and the assumptions on which the
local charge electroneutrality approximation is based. We have to
distinguish between two electroneutral subsystems: the brush and
the bulk solution. ¢, is the molar concentration of monomers, and
o is the charge fraction of a quenched polyelectrolyte brush. We
define ¢~ and ¢ as the total concentrations of mobile ions inside
the brush,ie.,¢” = ¢, and et = i¢;", summing up all types
of salt ions and counterions. Global electroneutrality in the
polyacid brush then implies

ac,+c =" (17)
For the bulk solution, the same condition demands
ct=C" (18)

where C~ = Y,¢;, C" = Y, and capital letters stand
for mobile ion concentrations in the bulk, i.e., in the absence
of the brush. These separate conditions for electroneutrality
account for the fact that mobile ion distributions are modified
in the presence of the brush, when compared to their distributions
in the bulk. This redistribution is caused by the excess electro-
static potential W, where excess refers to an effective potential
generated by the brush and its counterions. If the ions are
regarded as point charges, and neglecting effects of excluded
volume due to the brush chains, the equilibrium distributions
follow the Boltzmann law

¢ = G exp(=y) (19)

1 1
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and
¢ = C; exp(y) (20)

where y = eW/(kgT) is the dimensionless electrostatic potential.
The two previous relations satisfy the Donnan rule

o JCF = CT e > 1 (21)

and the combination with the electroneutrality condition eq 17
then yields the total concentration of mobile ions inside the brush:

(c"e™)? = ole, 2 +4CHC™ (22)

After inserting ¢~ = C exp(y) and ¢t = C* exp(—y), we finally
arrive at the local electroneutrality condition:

2C" sinh(y) = ac, (23)

This has to be compared with eq 14 to deliver n., as the salt
concentration in bulk solution.
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